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Abstract
Let V be an indefinite quadratic space over a number field F and U be a nondegenerate subspace of V .
Suppose that M is a lattice on V , and that N is a lattice on U which is represented by M locally everywhere.
The main result of this paper is a necessary and sufficient condition for which there exists a representation
of N by M that approximates a given family of local representations. This is applied to determine when the
variety of representations of U by V has strong approximation with respect to a finite set of primes of F
that contains all the archimedean primes.
© 2007 Elsevier Inc. All rights reserved.
1. Introduction
The notations and terminologies introduced in this section will be adopted throughout this
paper. Other unexplained notations follow those from [2,3]. Let V be a nondegenerate quadratic
space of dimension m over a number field F , and U be a nondegenerate subspace of V of di-
mension n. Let Y be the variety of representations of U by V . As a variety, Y can be identified as
the quotient variety Spin(V )/Spin(W), where W is the orthogonal complement of U in V (see,
for example, [1, Appendix]). A fundamental question concerning the arithmetic of Y is whether
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archimedean primes. A necessary and sufficient condition, expressed in terms of Galois coho-
mology, for Y (or more generally for homogeneous spaces of simply connected algebraic groups)
to have strong approximation with respect to S is given in [1, Theorem A.4]. For the special case
n = 1, that condition can be stated explicitly in terms of the arithmetic of the quadratic spaces.
With our notations, it reads as follows:
Theorem 1.1. (See [1, Appendix].) Suppose that n = 1 and that ∏p∈S YFp is noncompact.
(i) If m 4, then Y has strong approximation with respect to S.
(ii) If m = 3, then Y has strong approximation with respect to S if and only if the following
condition holds: either W is isotropic, or W is anisotropic and there exists p ∈ S for which
Wp is anisotropic and additionally Vp is isotropic if p is real.
The condition that
∏
p∈S YFp is noncompact implies that
∏
p∈S Spin(Vp) is noncompact, and
the latter is the same as saying that Vp is isotropic at some p ∈ S. This means that the spin group
of V has the strong approximation with respect to S, which is essential in the proof.
As is pointed out in [1], Theorem 1.1(i) is a consequence of [3, 104:3], which itself is a result
on representation of elements of F by an lattice on the quadratic space V with approximation
property. Here, and in all subsequent discussion, a lattice always means an o-lattice where o is
the ring of S-integers in F . In this paper, we will prove a result on representations of lattices by
lattices with approximation property of which Theorem 1.1(ii) is a consequence. Our discussion
depends heavily on the well-established theory of spinor exception of representations, and the
readers can find all the relevant material in [2].
Let M and N be lattices on V and U , respectively. Suppose that k  1 is an integer and T
is a finite set of primes disjoint from S. We say that M represents N with approximation at T
if, given any integer k  1 and any representations φp :Np → Mp for all p ∈ T , there exists a
representation f :N → M such that f ≡ φp mod pkMp for all p ∈ T . We will show, under the
assumption that gen(M) represents N and Vp is isotropic at some prime p ∈ S, that if m− n 3
or W is isotropic, then M always represents N with approximation at T . In the case m − n = 2
and W is anisotropic, the same is true if M represents N and N is a spinor exceptional for
gen(M). However when N is not a spinor exception for gen(M), the existence of a representation
f :N → M which approximates the local representations φp is not always guaranteed; it depends
on the spinor norms of the φp. As a consequence, we will derive a generalization of Theorem 1.1
for arbitrary m and n as long as m− n 2.
2. Representation with approximation
From now on, V is a nondegenerate quadratic space over F of dimension  3 and Vp is
isotropic at some prime p ∈ S. Let Ω be the set of all primes of F and ∏′ be the restricted
product in either the idele group JF of F or the adelization of O+(V ). The spinor norm map on
O+(V ) or any other orthogonal groups is denoted by θ .
Lemma 2.1. For each prime p /∈ S, let Dp be an open subset of O+(Vp) such that O+(Mp) ⊆ Dp
for almost all p. Then there exists σ ∈ O+(V ) such that σ ∈ Dp for all p /∈ S if and only if∏
θ(O+(Vp))
∏′
θ(Dp) contains a principal idele.p∈S p/∈S
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principal idele in
∏
p∈S θ(O+(Vp))
∏′
p/∈S θ(Dp).
Conversely, let α be a principal idele in
∏
p∈S θ(O+(Vp))
∏′
p/∈S θ(Dp). Then α > 0 in Fp for
all real primes p for which Vp is definite. Therefore, there exists φ ∈ O+(V ) such that θ(φ) = α
[3, 101:8]. For almost all p, φ ∈ O+(Mp) ⊆ Dp; hence
φ−1Dp ⊇ φ−1O+(Mp) = O+(Mp)
for those p. Let I be the set {p /∈ S: φ−1Dp O+(Mp)}, which is a finite set. Since θ(φ) ∈ θ(Dp)
for each p ∈ I , by the strong approximation for O ′ there exists τ ∈ O ′(V ) such that
{
τ ∈ φ−1Dp if p ∈ I ,
τ ∈ O+(Mp) if p /∈ S ∪ I .
Then we can take σ to be φτ . 
Corollary 2.2. For each prime p /∈ S, let Gp be an open subset of O+(Vp) such that
O+(Mp) ⊆ Gp for almost all p. Assume that θ(Gp) is a group for all p /∈ S. Let u = (φp) ∈∏′
p∈Ω O+(Vp). Then there exists σ ∈ O+(V ) with σ ∈ φpGp for all p /∈ S if and only if
θ(u) ∈ F×∏p∈S θ(O+(Vp))∏′p/∈S θ(Gp).
Proof. It follows from Lemma 2.1 that there exists σ ∈ O+(V ) with σ ∈ φpGp for all p /∈ S
if and only if θ(u)
∏
p∈S θ(O+(Vp))
∏′
p/∈S θ(Gp) contains a principal idele. Since θ(Gp) is a
group, the latter is equivalent to θ(u) ∈ F×∏p∈S θ(O+(Vp))∏′p/∈S θ(Gp). 
Lemma 2.3. Let p be a finite prime. Suppose that Np ⊆ Mp. Let
G(Mp/Np)k =
{
σ ∈ O+(Vp): σ(x) ≡ x mod pkMp for all x ∈ Np
}
.
Then θ(G(Mp/Np)k) = θ(O+(Wp)) if k is sufficiently large.
Proof. If N ′p is a sublattice of Np such that pNp ⊆ N ′p, then
G
(
Mp/N
′
p
)
k+ ⊆ G(Mp/Np)k ⊆ G
(
Mp/N
′
p
)
k
for all k > 0. Therefore, if the lemma holds for N ′p, then it also holds for Np. In particular, we
may assume that Np has the form
Np = opx1 ⊥ · · · ⊥ opxn.
It is clear that O+(Wp) ⊆ G(Mp/Np)k . Now, let σ be an element in G(Mp/Np)k . If k is large
enough, x1 + σ(x1) is anisotropic and the isometry
σ1 = τx +σ(x )τx ,1 1 1
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Moreover, σ1(x1) = σ(x1). For i  1, let
σi+1 = τσi(xi+1)+σ(xi+1)τσi(xi+1)σi .
By an induction argument, we have
{
σi+1(xj ) = σ(xj ) for all j  i + 1,
σi+1 is close to 1 if k is sufficiently large.
In particular, if k is sufficiently large, then σn is close to 1, and the restrictions of σn and σ on U
are the same. Therefore, σ−1n σ ∈ O+(Wp) and θ(σn) = 1. Hence θ(σ ) ∈ θ(O+(Wp)). 
If p is a finite prime and Mp ⊇ Np, the set of generators for Mp/Np is the set
X(Mp/Np) =
{
σ ∈ O+(Vp): Np ⊆ σ(Mp)
}
.
By [2, Theorem 2.1], θ(X(Mp/Np)) is a group. Suppose that N is represented by gen(M), that
is, uN ⊆ M for some u = (φp) ∈∏′p∈Ω O+(Vp). Let T be a finite set of primes of F which is
disjoint from S, and let
H0 = F×
∏′
p∈Ω
θ
(
O+(Wp)
)
,
HT1 = F×
∏
p∈S
θ
(
O+(Vp)
)∏
p∈T
θ
(
O+(Wp)
) ∏′
p/∈T∪S
θ
(
X
(
φ−1p (Mp)/Np
))
,
H2 = F×
∏
p∈S
θ
(
O+(Vp)
)∏′
p/∈S
θ
(
X
(
φ−1p (Mp)/Np
))
.
It is clear that
H0 ⊆ HT1 ⊆ H2,
and [H2 : H0]  2 because H0 is the subgroup of JF associated to the extension F(
√−dW )
by class field theory. If ψp is another isometry such that ψ−1p (Mp) ⊇ Np, then φ−1p ψp ∈
X(ψ−1p (Mp)/Np) and
X
(
φ−1p (Mp)/Np
)
φ−1p ψp = X
(
ψ−1p (Mp)/Np
)
.
It follows that the groups θ(X(φ−1p (Mp)/Np)) do not depend on the isometries φp.
For any subset X of O+(Vp), X−1 denotes the set of elements in O+(Vp) whose inverses are
in X. Note that θ(X) = θ(X−1). With this notation, we have
φpX
(
φ−1p (Mp)/Np
)−1 = {σ ∈ O+(Vp): σ(Np) ⊆ Mp}.
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if and only if θ(u) ∈ H2. Now,
φpG
(
φ−1p (Mp)/Np
)
k
= {σ ∈ O+(Vp): σ(x) ≡ x mod pkMp for all x ∈ Np}.
So, by applying Corollary 2.2 to Gp = G(φ−1p (Mp)/Np)k for p ∈ T and Gp = X(φ−1p (Mp)/
Np)
−1 for p /∈ S ∪ T , we obtain
Proposition 2.4. Suppose that uN ⊆ M for some u = (φp) ∈ ∏′p∈Ω O+(Vp) and that T is a
finite set of primes of F which is disjoint from S. Then for all sufficiently large k, there exists a
representation f :N → M such that f ≡ φp mod pkMp for all p ∈ T if and only if θ(u) ∈ HT1 .
Corollary 2.5. If Wp is isotropic for all p ∈ T and M represents N , then M represents N with
approximation at T .
Proof. For each p ∈ T , let φp ∈ O+(Vp) be a representation of Np by Mp. Select an element
u ∈∏′p∈Ω O+(Vp) such that uN ⊆ M and the p-component of u is φp for each p ∈ T . Since M
represents N , it follows that θ(u) ∈ H2. However, for each p ∈ T , we have
θ
(
O+(Wp)
)= F×p = θ(X(φ−1p (Mp)/Np)).
Thus HT1 = H2 and hence θ(u) ∈ HT1 . By Proposition 2.4, there exists a representation f :N →
M which approximates φp at all p ∈ T . 
Corollary 2.6. Suppose that N is represented by gen(M).
(i) If W is isotropic or m − n 3, then M represents N with approximation at any finite set of
primes disjoint from S.
(ii) Suppose that m − n = 2, W is anisotropic and M represents N . Then M represents N with
approximation at any finite set of primes disjoint from S if and only if either N is a spinor
exception for gen(M) or there exists p ∈ S for which Wp is anisotropic and additionally Vp
is isotropic if p is real.
Proof. Let T be a finite set of primes disjoint from S. In (i), the hypothesis implies that
θ(O+(Wp)) = F×p for all finite primes p. This shows that H0 = H2 = JF . Therefore, M rep-
resents N and HT1 = H2. Hence M represents N with approximation at T .
For (ii), let us suppose that m − n = 2, W is anisotropic and M represents N . Note that
requiring a prime p ∈ S to have the property stated in (ii) is the same as having θ(O+(Wp)) =
θ(O+(Vp)) for that p. If N is a spinor exception for gen(M), it follows from [2, Theorem 4.1]
that H0 = H2; thus HT1 = H2. If N is not a spinor exception and θ(O+(Wp)) = θ(O+(Vp)) for
some p in S, then H0 = HT1 . Since [H2 : H0] is at most 2, we must have HT1 = H2.
Conversely, suppose that N is not a spinor exception for gen(M) and θ(O+(Wp)) =
θ(O+(Vp)) for all p ∈ S. Let φ ∈ O+(V ) be an isometry sending N into M , and T ′ be a fi-
nite set of primes disjoint from S which contains all the dyadic primes and all the primes p for
which Mp or Np is not unimodular. Then θ(O+(Wp)) = θ(X(φ−1(Mp)/Np)) for all p /∈ S ∪T ′;
see [2, Theorem 5.1]. This shows that HT ′1 = H0. However, since N is not a spinor exception for
gen(M), we have H0 = H2. Therefore, M does not represent N with approximation at T ′. 
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Lemma 3.1. Let q be a finite prime. Then there exist lattices Lq and Kq on Vq and Uq, respec-
tively, such that Kq ⊆ Lq and θ(X(Lq/Kq)) = F×q .
Proof. Let Lq be an arbitrary lattice on Vq. Let {a1, . . . , at } be a complete set of representatives
of the nonzero square classes of F . For every ai , take σi ∈ O+(Vq) such that θ(σi) = ai . If ai
is a square, we take σi to be the identity. Let Kq be an arbitrary sublattice of (
⋂
i σi(Lq)) ∩ U .
Then σi ∈ X(Lq/Kq) for all i, and hence θ(X(Lq/Kq)) = F×q . 
We are now ready to give the higher-dimensional generalization of Theorem 1.1. Let Y be the
variety of representations of U by V . Then Y has strong approximation with respect to S if and
only if for all lattices M on V and lattices N on U such that gen(M) represents N , M represents
N with approximation at any finite set of primes disjoint from S.
Theorem 3.2. Let Y be the variety of representation of U by V . Suppose that ∏p∈S Yp is non-
compact.
(i) If dim(V )− dim(U) 3, then Y has strong approximation with respect to S.
(ii) If dim(V )−dim(U) = 2, then Y has strong approximation with respect to S if and only if the
following condition holds: either W is isotropic, or W is anisotropic and there exists p ∈ S
for which Wp is anisotropic and additionally Vp is isotropic if p is real.
Proof. Part (i) follows from Corollary 2.6(i). For part (ii), the condition can be rephrased as:
either W is isotropic or θ(O+(Wp)) = θ(O+(Vp)) for some p ∈ S.
Let us first assume that Y has strong approximation with respect to S. Suppose that W is
anisotropic and θ(O+(Wp)) = θ(O+(Vp)) for all p ∈ S. By applying Lemma 3.1 with a prime q
for which Wq is anisotropic, we can find a lattice M on V and a sublattice N of M on U such
that θ(X(Mq/Nq)) = θ(O+(Wq)). This implies that N is not a spinor exception for gen(M).
It then follows from Corollary 2.6(ii) that there exists a finite set of primes T , disjoint from S,
such that M does not represents N with approximation at T . This contradicts that Y has strong
approximation with respect to S.
The reverse implication is a simple consequence of Corollary 2.6. 
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